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6. The numbers 1 to 9 are placed in the cells®fa3 square
grid, one to each cell. In each of the f@uk 2 blocks of
adjacent cells, such as the one shaded, the four numbers have t
same total .

What is the maximum possible valueTof
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This booklet containsthe questionsand solutionsfor the follow-up competitionsof

Let the central number be let the four middle numbers along the sides,le c, d and the UKMT Intermediate Mathematical Challenge held in February 2011.
let the four corner numbers pgq, r, s, as shown in the diagram:

Solution
The total of the numbers in the gridlis+ 2 + ... + 9 = 45

plald For the age ranges covered, see the details on the relevant paper.
bl x|c
rldls As is usual,it is not intendedthat thesesolutionsshouldbe thoughtof asthe ‘best’

possible solutions and the ideas of readers may be equally meritorious.
Now add up the totals of the numbers in the @w 2 blocks in two ways to show that

4T = 4x+2(a+b+c+d +(p+qg+r1+59

=45+3+(@a+b+c+d. Contents

Sincex < 9andx +a+b+c+d<9+8+7+6+5 = 35wehave page
4T < 45 + 18 + 35 = 98. Thereforel < 24. Question Papers

However, it is possible to achieve the value 24 in several ways, for instance:

European Kangaroo (Grey Paper) 2
41315 1163 European Kangaroo (Pink Paper) 6
81917 9817 Olympiad Cayley Paper 12
1162 2151 4 Olympiad Hamilton Paper 13
) ] ] Olympiad Maclaurin Paper 14
We deduce that the maximum valu€eTos certainly 24.
Note Colin Maclaurin — biographical note 15
Notice that, somewhat counter-intuitively, it is possible to achieve the maximusimng
8 in the central cell. Solutions
European Kangaroo (Grey Paper) 16
European Kangaroo (Pink Paper) 20
Olympiad Cayley Paper 25
Olympiad Hamilton Paper 29
Olympiad Maclaurin Paper 33

© UKMT 2011
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Time allowed:1 hour.
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. Five marks will be awarded for each correct answer to Questions 1 - 15.

Six marks will be awarded for each correct answer to Questions 16 - 25.

. Do notexpectto finish thewholepaperin 1 hour. Concentratdirst on Questions

1-15.Whenyou havecheckedyour answergo these havea go at someof the later
questions.

. The questionson this paperchallengeyou to think, not to guess. Thoughyou

will not lose marksfor getting answerswrong, you will undoubtedlyget more
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guessing lots of answers.
Enquiries about the European Kangaroo should be sent to:
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We know thax — 1is an integer. We deduce from equation 4.1xhatl is a perfect
square. Lek — 1 = n?for some non-negative integer

NowO < x < 2011, sothat-1 < n?> < 2010 and henc® < n < 44. Butwhen
n = Owe havex = 1and soy = 0, which is not allowed. Each other valuengjives
a unique value aof, and therefore of sincey > 0.

Hence there are 44 solutions to the given equation in positive integers.

. Three circles touch the same straight line

and touch each other, as shown.
Prove that the rada, b andc, wherec is
smallest, satisfy the equation

1 1 1

Va Vb Vo

Solution

We add some labels and lines to the diagram, as shown #lBwndC are the
centresD, E andF are the points of contact of the circles and the straight line? &nd
the foot of the perpendicular froBito AD.

A
a
b
P—1 B
a
b
C

D E F

Note first thatAB, BC andCA, the lines of centres, pass through the points of tangency of
the pairs of circles. AlsaAD, CE andBF are perpendicular to the lifzEF.

Then, by Pythagoras' theorem applied to triaAlB,
(@a-b?+ PB® = (a+ b3
Therefore
PB® = (a+ b)? - (a- by
= Jab.
HenceDF = PB = 24y/ab. SimilarlyDE = 2vcaandEF = 2vbc.
SinceDF = DE + EF we have

2Vab = 2yca + 2v/bc.
Dividing through by2v/abc gives the required result.
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there are either 12 red socks or 32 red socks.

Notice that these two solutions are symmetrical; | must have 12 socks of one colour and

32 of the other.

The diagrams show a rectangle that just fits A

A
inside right-angled triangl&BC in two
different ways. One side of the triangle has
lengtha.
Prove that the perimeter of the rectangle is
: A T A B

2a.

Solution

We add some labels to the diagrams and let the dimensions of the rectangleybas
shown.

A A
G
X
Y \E
LN Ed N\
D F
ft—a—-—o ft—a——=
The triangleDCE andFCG are similar, so
X __Y
a-y a-x
which rearranges to give
X(@a-x)=y@-y
that is,
ax -y = xX -y
= X=-yXx+y.

Sincex — y # 0 (because there are twidferentways of fitting the rectangle) this
implies thata = x + y. Thus the perimeter of the rectangl@is+ 2y = 2a.

Note
It follows that the triangl&BC is actually isosceles. Can you see why?

. How many solutions are there to the equakor y* = x°, wherex andy are positive

integers and is less than 20117
Solution
If x2 + y* = x5 theny? = x*(x — 1) and therefore, since > 0,

£=x_1 (41)

10.

. The diagram on the right shows an L-shape made from four small

3

. My broken calculator divides instead of multiplying and subtracts instead of adding.

Itypel2 x 3 + 4 x 2. What answer does the calculator show?
A 2 B 6 C 12 D 28 E 38

. A zebra crossing has alternate white and black stripes, each of width 50 cm. On a

particular road, the crossing starts and ends with a white stripe and has 8 white stripes in
all. What is the total width of this crossing?

A 7Tm B 7.5m C 8m D 8.5m E 9m

. My digital watch has just changed to show the time 20:11. How many minutes later will

it next show a time with the digits 0, 1, 1, 2 in some order?
A 40 B 45 C 50 D 55 E 60

. In my street there are 17 houses. On the ‘even’ side, the houses are numbered 2, 4, 6, an

so on. On the ‘odd’ side, the houses are numbered 1, 3, 5, and so on. | live in the last
house on the even side, which is number 12. My cousin lives in the last house on the odd
side. What is the number of my cousin's house?

AS B 7 C 13 D 17 E 21

squares. Ria wants to add an extra small square in order to forma [ —
shape with a line of symmetry. In how many different ways can she dg
this?

Al B 2 C3 D 4 ES

. Felix the Cat caught 12 fish in 3 days. Each day after the first, he caught more fish than

the previous day. On the third day, he caught fewer fish than on the first two days
combined. How many fish did Felix catch on the third day?

A S B 6 c7 D 8 E 9

. Mary lists every 3-digit number whose digits add up to 8. What is the sum of the largest

and smallest numbers in Mary's list?
A 707 B 907 C 916 D 1000 E 1001

. The diagram shows three squares. The medium square is formed by not to

scale

joining the midpoints of the sides of the large square. The small squar
is formed by joining the midpoints of the sides of the medium squar
The area of the small square isré®. What is the difference between

the area of the medium square and the area of the large square?

A 3cn? B 6cn? C 9cn? D 12 cn? E 15cn?
What is the value 011 x 2'011?

01.1 x 20.11
A 0.01 B 0.1 c1 D 10 E 100

Maria has nine pearls that weigh 1, 2, 3, 4, 5, 6, 7, 8 and 9 grams. She makes four rings,
using two pearls on each ring. The total weight of the pearls on each of these four rings
is 17, 13, 7 and 5 grams respectively. What is the weight, in grams, of the unused pearl?

Al B 2 C3 D4 E 5



11.

12.

13.

14.

15.

16.

17.

18.

Each region in the figure is to be coloured with one of four
colours: red (R), green (G), orange (O) or yellow (Y). The
colours of only three regions are shown. Any two regions that R
touch must have different colours. The colour of the region X |s:

7]
(9]

A red B orange C green D yellow
E impossible to determine

A teacher has a list of marks: 17, 13, 5, 10, 14, 9, 12, 16. Which two marks can be
removed without changing the mean?

A 12and17 B 5and 17 C 9and 16 D 10and12 E 10and 14

In three home games, Barcelona scored three goals and let in one goal. In these three
games, Barcelona won one game, drew one game and lost one game. What was the score
in the game Barcelona won?

A 2-0 B 3-0 C 1-0 D 2-1 E 0-1

A square piece of paper is cut into six rectangular pieces as showrnin
the diagram. When the lengths of the perimeters of the six rectangiilar
pieces are added together, the result is 120 cm. What is the area of-the
square piece of paper?

A 48 cn? B 64 cn?
D 144 cm?

C 110.25 cn?
E 256 cnm?

not to scale

Lali draws a line segmeiE of length 2 cm on a piece of paper. How many different
pointsF can she draw on the paper so that the triabgleis right-angled and has an
area of Icnm??

A2 B 4 C6 D8 E 10

The positive numbeatis less than 1, and the numibgs greater then 1. Which of the
following numbers has the largest value?

Aaxb Ba+b Ca+b Db E The answer depends arandb.

The five-digit number24X8Y’ is divisible by 4, 5 and 9. What is the sum of the di}its
andY?

A 13 B 10 Cco D5 E 4

Lina has placed two shapes ob & 5 board, as shown in the picture
on the right. Which of the following five shapes should she place o
the empty part of the board so that none of the remaining four sha
will fit in the empty space that is left? (The shapes may be rotated
turned over, but can only be placed so that they cover complete
squares.)

A E B | C D m

i
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Solutions to the Olympiad Maclaurin Paper

1. How many positive integers leave a remainder of 31 when divided into 2011?

Solution

If an integer leaves a remainder of 31 when divided into 2011, then it divides exactly
into 2011 — 31 = 1980. Also, in order to leave a remainder of 31, the integer itself
needs to be greater than 31.

Now 1980 = 22 x 32 x 5 x 11. Hence any divisor of 1980 may be obtained by
choosing one term from each of the following four lists and multiplying them together:

1, 2, 2%
1, 3 32;
1, 5

1, 11
There are8 x 3x 2 x 2 = 36 ways of choosing the terms and therefore 1980 has 36 divisors.

The divisors of 1980 which are less than or equal to 31 are

1,2 3 4,5 6, 95 10, 11, 12, 15 18, 20, 22 and30,
that is, 15 divisors in all. Hence the number of divisors of 1980 which are greater than 31
is36 — 15 = 21.
Therefore there are 21 positive integers which leave a remainder of 31 when divided into
2011.

2. | have 44 socks in my drawer, each either red or black. In the dark | randomly pick two
socks, and the probability that they do not matc-:b%ls

How many of the 44 socks are red?

Solution
Let there be red socks and so there dée — r black socks.
To pick a hon-matching pair, | would either have to choose a red followed by a black or
vice-versa. The probability of choosing a red and then a black is
r 4 — v
— X
44 43
and the probability of choosing a black and then a red is
4 — v r
X —.
44 43
These two probabilities are identical, and hence the probability of picking a non-
matching pair is

2r(44-n 1_92

44 x 43 473
This equation simplifies tb(44 — r) = 384, thatisr? — 44r + 384 = 0. After
factorising, we obtair — 12)(r — 32) = Oandsa = 12 orr = 32. In other words,
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6. Sam wishes to place all the numbers from 1 to 10 in the
circles, one to each circle, so that each line of three circles
has the same total.

Prove that Sam's task is impossible.

Solution

Let T be the common total and let the numbers in the circlesdg as shown in the
figure. Note thag, b, ¢, d are the numbers which occur in three lines.

JogeoN
((f—(—®
Finding the sum of the six lines of three numbers, we obtain
3@+b+c+dy+(e+f+g+h+i+]j) = 6T. (6.1)
Now the sum of all the numbers from 1 to 10 equals 55, so that
@+b+c+d+E+f+g+h+i+]j =55
Hence equation 6.1 may be rewritten
2@+ b+c+d) + 5 = 6T. (6.2)

But 55 is odd and the other two terms in equation 6.2 are even, which is not possible.

We deduce that Sam's task is impossible.

19.

20.

21.

22.

23.

24,

25.

5

Three blackbirds, Isaac, Max and Oscar, are each sitting on their own nest. Isaac says:
“I'm more than twice as far away from Max as | am from Oscar”. Max says: “I'm more
than twice as far away from Oscar as | am from Isaac”. Oscar says: “I'm more than twice
as far away from Max as | am from Isaac”. At least two of them are telling the truth.

Who is lying?

A lsaac B Max C Oscar D None ofthem E Impossible to tell
Myshko shot at a target. When he hit the target he only scored 5, 8 and 10. Myshko hit 8

and 10 the same number of times. He scored 99 points in total, and 25% of his shots
missed the target. How many times did Myshko shoot at the target?

A 10 B 12 C 16 D 20 E 24

The diagram on the right shows a square with side 3 cm inside a
square with side 7 cm and another square with side 5 cm whic
intersects the first two squares. What is the difference betwee
area of the black region and the total area of the grey regions*

A Ocn? B 10 cn? C 11 cn? D 15cn?
E more information needed

not to scale

In a convex quadrilater&BCD with AB = AC, the following angles are known:
ZBAD = 80°, ZABC = 75° andZADC = 65°. What is the size afBDC?

A 10° B 15° C 20° D 30° E 45°

. KxAXNxGxAxRx0OxO
In the expressior
GxAxM

x E
non-zero digit and different letters stand for different digits. What is the smallest positive
integer value of the expression?

Al B 2 Cc3 D5 E 7

, the same letter stands for the same

from two rectangles. The lengths of two sides are
marked: 11 and 13. The shape is cut into three parts a

The first diagram on the right shows a shape constructe )
13

the parts are rearranged, as shown in the second diad )
on the right. What is the length marke? not to scale
A 37 B 38 C 39 D 40 E 41

Mark plays a computer game od & 4 grid. Initially the 16 cells are all white; clicking

one of the white cells changes it to either red or blue. Exactly two cells will become blue
and they have a side in common. The aim is to make both blue cells appear in as few
clicks as possible. What is the largest number of clicks Mark will ever need to make?

A8 B 9 C 10 D 11 E 12
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Applying Pythagoras' theorem to this triangle, we obgéie r? + r? = 2r2 Thus the
total area between the circle and the inner square is

at? - =a? - 2% = (x - 12
Since the figure has rotational symmetry of order four, the ratio of the darker shaded area
to the lighter shaded area is therefore
4 -mr? (- 2r?
4 ' 4

=@G-a: (1-2).

. In how many distinct ways can a cubical die be numbered from 1 to 6 so that consecutive

numbers are on adjacent faces? Numberings that are obtained from each other by
rotation or reflection are considered indistinguishable.

Solution

In any rotation or reflection, adjacent faces remain adjacent, and opposite faces remain

opposite. We know that face 1 is adjacent to face 2, and can therefore be opposite to 3,

4,5 or 6. Without loss of generality we may take 1 as the base. Now consider the four

possible top faces in turn.

3atthetop Then 2, 4,5, 6 form the sides. Now 5 has to be adjacentto 4 and 6 is
opposite 2, so there is only one such cube possible.

4 atthetop Then 2, 3, 5, 6 form the sides. Now 2 and 3 are adjacent, as are 5 and 6,
so there are two possible cubes, because we can have 2, 3, 5, 6 (with 2
opposite 5) or 2, 3, 6, 5 (with 2 opposite 6) in order round the cube.

5atthetop  Then 2, 3, 4, 6 form the sides. Since 3 is adjacent to 2 and 4, and hence
opposite 6, there is just one possibility.

6 atthetop  Then 2, 3, 4, 5 form the sides. We must have 2 opposite 4, and 3
opposite 5, so there is just one possibility.

Thus there are five distinct ways that a cubical die can be numbered from 1 to 6 so that

consecutive numbers are on adjacent faces. The corresponding nets are:

4 4 [5] (6]
2[4]5]6] [2]3]5]6] [2]3]6]5] [2]3][4]6] [2[3]4]5]
! 1] 1] 1] 1]
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3. A particular four-digit numbeN is such that:
(@) the sum oN and 74 is a square; and
(b) the difference betweeN and 15 is also a square.
What is the numbeX?

Solution
Let

N+ 74 =% (31
Y (32

and N -15
wherex andy are different positive integers.

Subtracting equation 3.2 from equation 3.1 g@®s= x> — y2 Hence
8 = X-yYX+Y). (33)

Now x andy are integers, so equation 3.3 gives a factorisation of 89. But 89 is a prime
number, so the only possible factors are 1 and 89. ircg > x — y we therefore
have

X+y=289
X—-y=1

Adding these equations gives = 90, thusx = 45.

Substituting fox in equation 3.1, we obtaM = 45 — 74 = 2025 - 74 = 1951.

Check we may also fing = 44 and substitute in equation 3.2, to obtain
N = 44? + 15 = 1936 + 15 = 1951.

Find the ratio of the two shaded areas.

4. A square just fits within a circle, which itself just fits
within another square, as shown in the diagram. ‘1

.

Solution

Letr be the radius of the circle, so that the outer square has side2engtius the total
area between the circle and the outer square is

@Y -ar? = 4-morl

Let the side of the inner squares&wo radii and one side of this square form a right-
angled triangle, as shown.

. Giventhatt=2x3+3x4+4x5 Q=22+ +42andR=1x2+2x3+3x4,

which of the following statements is true?
A Q<P<R B P<Q=R CP<Q<R D R<Q<P E Q=P<R

. The figure shows a hexagonal lattice. Numbers are to be plac - 4

at each of the dots « in such a way that the sum of the two
numbers at the ends of each segment is always the same. T\
the numbers are already given. What numbg? is

Al B 2 C3 D 4 ES X
1

. A rectangular mosaic with area 3687 is made from square tiles, all of which are the

same size. The mosaic is 24 cm high and 5 tiles wide. What is the area of eaanfllé in
Al B 4 cCo D 16 E 25

. Tomas writes down all 4-digit numbers whose digits add up to four. If he writes these

numbers in descending order, which position will the number 2011 occupy?

A 6th B 7th C 8th D 9th E 10th
. One of the line segments shown on the grid is the image W

produced by a rotation of the other line segment. Which of %

the pointsT, U, V, W could be the centre of such a rotation?

AonlyT B onlyU C either ofU andW T U

D any ofU, V andW E any ofT, U, V andW

. The diagram shows a shape made from a regular hexagon of side

unit, six triangles and six squares. What is the perimeter of the sha

A 6(1+2) B 6(1+ 33 C 12
D6+ 32 EQ

. Three normal dice are placed one on top of another, with the bottom die standing on a

table. Where the two lower dice meet, the spots on the two touching faces add to five;
similarly where the two higher dice meet, the spots on the two touching faces add to five.
One of the visible faces on the bottom die shows just one spot. How many spots are on
the top face of the top die?

A2 B 3 c4 D5 E 6

. In a certain month last year, there were five Mondays, five Tuesdays and five

Wednesdays. In the month before there had been exactly four Sundays. Which of the
following were included in the month after?

A exactly four Fridays B exactly four SaturdaysC exactly five Wednesdays
D exactly five Saturdays E exactly five Sundays
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11.

12.

13.

14.

15.

16.

Michael, Fernando and Sebastian had a race. Immediately after the start Michael was in
the lead with Fernando second and Sebastian last. During the race Michael overtook, or
was overtaken by Fernando a total of 9 times; similarly Fernando and Sebastian

interchanged places 10 times, and Michael and Sebastian interchanged places 11 times.

In what order, first to last, did they finish?

A Michael, Fernando, SebastianB Fernando, Sebastian, Michael
C Sebastian, Michael, FernandoD Sebastian, Fernando, Michael
E Fernando, Michael, Sebastian

Given that9” + 9" + 9" = 3% what is the value af?
A 1005 B 1006 C 2010 D 2011 E 6033

UIf has two cubes, with sides of lengtlem anda + 1 cm. The larger cube is full of

water and the smaller cube is empty. UIf now fills the smaller cube with water from the
larger cube, leaving 217 ml in the larger cube. How much water is then in the smaller
cube, in ml?

A 125 B 243 C 512 D 729 E 1331

A marble with radius 15 cm fits exactly under a cone as shown in the
diagram. The slant height of the cone is equal to the diameter of its

base. What is the height of the cone in cm?
A 45 B 25¥3 C 30vV2 D 60 E 60(v3 - 1)

Barbara wants to place draughts ch & 4 board in such a way that thg
number of draughts in each row is equal to the number shown at thefend
of the row, and the number of draughts in each column is equal to t
number shown at the bottom of the column. No more than one draught
is to be placed in any cell. In how many ways can this be done?

Al B 2 C3 D 4 ES

= P ON

2 011

How many numbers appear in the longest run of consecutive 3-digit numbers each of
which has at least one odd digit?

Al B 10 C 100 D 110 E 111

Nik wants to write integers in the cells o8& 3 table so that the sum of 1 0
the numbers in ang x 2 square is 10. He has already written five numbe

in the table as shown. What is the sum of the four missing numbers? 2
A9 B 10 c 11 D 12 E 13 4] 13

During a rough sailing trip, Jacques tried to sketch a map of
his village. He managed to draw the four streets, the seven
places where they cross and the houses of his friends. The
houses are marked on the correct streets, and the intersect@ing
are correct, however, in reality, Arrow Street, Nail Street and\ §
Ruler Street are all absolutely straight. The fourth street isenjanin
Curvy Street. Who lives on Curvy Street?

A Adeline B Benjamin C Carole
D David E Itisimpossible to tell without a better map
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Solutions to the Olympiad Hamilton Paper

1 If Julie gave £12 to her brother Garron then he would have half the amount that she
would have. If instead Garron gave £12 to his sister Julie then she would have three
times the amount that he would have.

How much money do they each have?

Solution

Let Julie and Garron haved ind £5 respectively. From the information in the question
we may form the equations

J-12

2(G + 12 (1)

J+ 12 3(G - 12). 1.2
Subtracting equation 1.1 from equation 1.2 gix¢s= G - 60; thusG = 84.

Substituting into equation 1.1 then givles 12 = 2(84 + 12) = 192. Therefore
J = 204.

Hence Julie has £204 and Garron has £84.

2. The diagram shows two equilateral triangles. The angles

markedx°® are equal.

>
Prove thak > 30. @

Xo

Solution

Each of the angles in an equilateral triangle is equedtoWe add twd0° angles to the
figure, label three other angla$ b° andc®, and label some points, as shown.

At B, since angles on the straight line add up8@ we haveb + 60 + x = 180, that is,
b = 120 - x. 2.1

Now the angle labellec® is an exterior angle of triangleDE, so that = X + 60; it is
also an exterior angle of triang8C, sothat = a + b. Hencea + b = x + 60 and
therefore, using equation 2.1, we have x + 60 — (120 - x) = 2x — 60.

Buta > 0 for the given configuration to occur, herbe- 60 > 0, that isx > 30, as required.
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Notice that any move by the bug increases the row number by at most 1. So in order to
get from row 1 to row 14, the bug must visit all fourteen rows on the way, so must visit
at least fourteen triangles. However, the bug can do it in fourteen, for example, by
following the path depicted in figure 2. This settles part (a).

For part (b), note that any path by the bug that visits only fourteen triangles must
increase the row number with every step. However, from any odd-numbered row (on an
upwards-pointing triangle) the only way to increase the row number is to move directly
downwards.

That means we might as well join each upwards-pointing triangle with the triangle below
it to form a diamond-shaped cell (as shown in figure 3): they come as a pair.

Figure 3 Figure 4

Using this, we can count the number of different ways of reaching each cell. Clearly
there is only one way to reach the top cell.

For every cell lower down, one must first reach one of the neighbouring cells above. So
the number of different ways of reaching each cell is the number of ways of reaching it
from above and to the left, plus the number of ways of reaching it from above and to the
right. Continuing in this way, we get the table of numbers seen in figure 4.

Hence the answer to part (b), the number of ways of reaching the bottom cell, is 20.

Alternative method fofa)

An alternative method of finding the minimum number of triangles visited is to consider
the straight lines across the diagram. There are seven horizontal lines, and three lines in
each diagonal direction. This makes a total of 13 straight lines. The bug wishes to cross
all of them, so must cross at least 13 edges. In crossing 13 edges, the bug must visit at
least 14 triangles.

17.

18.

19.

20.

21.

22.

23.

24,

25.

9

The numbers andy are both greater than 1. Which of the following fractions has the greatest
value?

X B X 2x 2X 3x
+ - + - +
y+1 y-1 2y + 1 2y -1 1

o3
9!
24

Rafael writes down a 5-digit number whose digits are all distinct, and whose first digit is
equal to the sum of the other four digits. How many 5-digit numbers with this property
are there?

Simone has a cube with sides of length 10 cm, and a pack of ident
square stickers. She places one sticker in the centre of each face ¢
cube, and one across each edge so that the stickers meet at their
corners, as shown in the diagram. What is the total a@@?iof the
stickers used by Simone?

A 150 B 180 C 200

D 225 E 300

A 72 B 144 C 168 D 216 E 288
In trianglePQR, a pointSis chosen on the line R
segmenBR, then a poinT is chosen on the line °
segmenPS. Considering the nine marked angles,
what is the smallest number of different values that - DN
these nine angles could take? 2
A2 B 3 c4 D5 E 6 % S
P Q

)1(erxes chooses a positive integeand Yasmin chooses a positive integesuch that
=3 In how many ways could they choose these numbers?

X
Al B 2 C3 D 4 E 5

C, is a circle of radius. PQ is a chord of this circleC, is a circle with diametd?Q
and which passes through the centr€pf What is the area of the part of the ciCle
which is outside the circl€;?

1. Var , 7, V3, 1,

B —r C —r D —r E —r

A
2 12 6 4 V2

Hassan selects four edges of a cube in such a way that none of the edges share a commc

vertex. How many different ways are there for Hassan to do this?
A 6 B 8 Cc9 D 12 E 18

Barbara has a new challenge. She places draught§ en@board in such a way that
each3 x 3square contains exactiydraughts. No more than one draught is placed in
any cell. Given thad < n < 9, what are the possible valuesngf

Al B land8 C12,7and8D 1,2,3,6,7and8

E All whole numbers 1 to 8 inclusive

This morning, the two turtles Tor and Tur multiplied their ages together, correctly

obtaining 1188. When they multiply their ages together on this day next year, which of
the following will definitely not be a factor of the product?

A 19 B 21 C 23 D 25 E 27



10
The United Kingdom Mathematics Trust

\_UKMT_/ \_UKMT_/

Intermediate Mathematical Olympiad and Kangaroo (IMOK)
Olympiad Cayley/Hamilton/Maclaurin Papers
Thursday 17th March 2011

READ THESE INSTRUCTIONS CAREFULLY BEFORE STARTING

Time allowed: 2 hours.

2. The use of calculators, protractors and squared paper is forbidden.
Rulers and compasses may be used.

3. Solutions must be written neatly on A4 paper. Sheetsmust be STAPLED
together in the top left corner with the Cover Sheet on top.

4. Start each question on a fresh A4 sheet.

You may wish to work in roughfirst, thensetout your final solutionwith clear
explanations and proof$o not hand in rough work.

5. Answers must be FULLY SIMPLIFIED, and EXACT. They may contain
symbolssuchasz, fractions,or squareroots,if appropriateput NOT decimal
approximations.

6. Give full written solutions,including mathematicalreasonsas to why your
method is correct.

Juststatingan answer,evena correctone,will earnyou very few marks;also,
incomplete or poorly presented solutions will not receive full marks.

7. Theseproblems are meantto be challenging! The earlierquestiongendto be
easier; the last two questions are the most demanding.
Do not hurry, but spendtime working carefully on one question before
attemptinganother. Try to finish whole questionsevenif you cannotdo many:

you will have done well if you hand in full solutions to two or more questions.

DO NOT OPEN THE PAPER UNTIL INSTRUCTED BY THE
INVIGILATOR TO DO SO!

The United Kingdom Mathematics Trust is a Registered Charity.
Enquiries should be sent to: Maths Challenges Office,
School of Mathematics Satellite, University of Leeds, Leeds, LS2 9JT.
(Tel. 0113 343 2339)
http://www.ukmt.org.uk

27

5 Solve the equatioBa — ab = 9b% wherea andb are positive integers.

Solution

Notice that the right-hand si@? is always positive, since the squafds always
positive. However, the left-hand sile — ab = a(5 — b) is only positive fob < 4.
So, given thab is a positive integer, we can consider four cases separately, namely
b=12 3 4

If b = 1, then the equation becom@— 1)a = 9 x 12 thatis4a = 9. This has no

solution for a positive integex

9 x 22 thatis,3a = 36, so that

If b = 2, then the equation becom@s— 2)a
a = 12. This gives the solutioa = 12,b = 2.

If b = 3, then the equation becom@— 3)a = 9 x 3 thatis,2a = 81. This has
no solution for a positive integar

If b = 4, then the equation becom@-—- 4)a = 9 x 42 thatisa = 144. This gives
the solutiora = 144,b = 4.

Thus the solutions ae = 12,b = 2anda = 144,b = 4.

A bug starts in the small triangleat the top of the
diagram. She is allowed to eat through a neighbouring edge
to get to a neighbouring small triangle. So at first there is
only one possible move (downwards), and only one way to
reach this new triangle.
(a) How many triangles, including andB, must the bug
visit if she is to reach the small trianddeat the bottom
using a route that is as short as possible?
(b) How many different ways are there for the bug to reach
B from T by a route of this shortest possible length?

Solution

Shade the downwards-pointing triangles grey and leave the upwards-pointing triangles
white. We separate the triangles into rows, which alternate between white and grey
triangles. So, as shown in figure 1, row 1 consists of just the top triipgley 2

consists of the grey triangle beldwrow 3 consists of the two white triangles next to it,
and so on. Finally, row 14 consists of the bottom triaBgle

Figure 1 Figure 2
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3 Atdinner on a camping expedition, each tin of soup was shared between 2 campers, each

tin of meatballs was shared between 3 campers and each tin of chocolate pudding was
shared between 4 campers. Each camper had all three courses and all tins were emptied.
The camp leader opened 156 tins in total.

How many campers were on the expedition?

Solution

Each camper eats half a tin of soup, one third of a tin of meatballs, and a quarter of a tin
of chocolate pudding. This is a total of
1 1

=+ =+

1 13
2 3 4 12

tins of food per person.

If there areN people, they thus usié;’N tins of food in total. This gives us the equation

1—3N = 156,
12

so that

N=1—2><156
13
= 144,

Therefore there are 144 campers on the expedition.

The diagram shows nine 1 cm x 1 cm squares —
and a circle. The circle passes through the // \\
centres of the four corner squares. )
What is the area of the shaded region—inside

two squares but outside the circle?

Solution

Consider the region of the big square which lies outside the circle. The lines in the figure
divide the region into eight parts, four in the four corner squares, which are all identical
by symmetry, and four in the four edge-centre squares, which are again all identical by
symmetry.

The shaded area contains one part of each sort, and so takes up exactly a quarter of the
difference between the big square and the circle, which we can work out.

The big square has ar@@nm?, being made up of 9 squares each meastdngk 1cm.

By Pythagoras' theorem, the diagonal dEmx 1cm square has lengti2cm. The
radius of the circle is the distance from the centre of the middle square to the centre of a
corner square, so is the length of one diagonal in total.

Hence the area of the circlerigy2)’ = 27.

Putting this all together, we see that the entire region outside the circle h@sateg
and so the shaded region has area

9 - 27
YR
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Do not hurry, but spendtime working carefully on one questionbefore
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Olympiad Cayley Paper

All candidates must be inSchool Year 9 or beloEngland and Wales),S2 or

below(Scotland), orSchool Year 10 or beloNorthern Ireland).

. A palindromic number is one which reads the same when its digits are reversed, for
example 23832.

What is the largest six-digit palindromic number which is exactly divisible by 15?

. The diagram shows a regular penta@EFG D C
inside a trapeziumBCD.

Prove thatAB = 2 x CD.

A
. B

At dinner on a camping expedition, each tin of soup was shared between 2 campers, each
tin of meatballs was shared between 3 campers and each tin of chocolate pudding was
shared between 4 campers. Each camper had all three courses and all tins were emptied.
The camp leader opened 156 tins in total.

How many campers were on the expedition?

. The diagram shows nine 1 cm x 1 cm squares S
and a circle. The circle passes through the /‘/ \'\
centres of the four corner squares.
What is the area of the shaded region—inside )
two squares but outside the circle? //

. Solve the equatioBa — ab = 9b?, wherea andb are positive integers.

. A bug starts in the small triangleat the top of the
diagram. She is allowed to eat through a neighbouring T
edge to get to a neighbouring small triangle. So at first
there is only one possible move (downwards), and
only one way to reach this new triangle.
(a) How many triangles, including andB, must the
bug visit if she is to reach the small trianBlat
the bottom using a route that is as short as
possible?
(b) How many different ways are there for the bug to
reachB from T by a route of this shortest possible
length?

25
Solutions to the Olympiad Cayley Paper

1 A palindromic number is one which reads the same when its digits are reversed, for

example 23832.

What is the largest six-digit palindromic number which is exactly divisible by 15?

Solution
We note that being divisible by 15 is the same as being divisible by 3 and by 5.

We also note that a number is divisible by 5 if, and only if, the units digit is O or 5.

However, our number cannot end in a 0. Indeed, in mathematics every number begins
with a non-zero digit. A palindrome has equal first and last digits, so the last digit is non-
Zero.

Hence we seek a particular six-digit palindrome which begins and ends in 5, and which is
divisible by 3.

The largest six-digit palindromes beginning and ending in 5 have the fald@&%or
some digitd. This is divisible by 3 when the digit-sum is a multiple of 3 and therefore
5 + dis divisible by 3. Sa = 1, 4, or 7. Hence the number required is 597795.

The diagram shows a regular penta@iEFG D C
inside a trapeziumBCD.

Prove thatAB = 2 x CD.

Solution
First of all, we amass some basic facts.

Since the exterior angles of any polygon add uge@s, the exterior angles of a regular
pentagon are ead®0° + 5 = 72°. Thus the interior angles are each
180° — 72° = 108°.

Now, we claim that triangl&EF is isosceles. Indeed,AEF = 72° since it is an
exterior angle of the pentagon. Also, sid&andDC are parallel LZEAF is
supplementary tEDC (they are allied angles). S(EAF = 180° — 108° = 72° too.

This gives us thadF = EF.

Similarly, triangleBGF is isosceles, anBF = GF.

But nowAB = AF + FB = EF + FG = CD + CD because the sides of a regular
pentagon are equal, 88 = 2 x CD as required.
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23.

24,

25.

C

The four edges use distinct vertices, so all eight vertices F G
will be used for each set. If we consider verdexhere
are three choices of edgsB, AD, AE.

Start withAB. This leaves two choices frobh DC or
DH. ChoosingDC means we have two choices for the
final pairs GH andEF, or EH andFG). ChoosingDH E
means we must choo&# andGC.
Hence there are 3 sets of edges when we startBith A D
There will also be 3 sets if we start wAD or AE, and

these 9 sets will all be distinct, so the answer is 9.

B C

It is worth noting that if it is possible to place draughts andh@éthem in each

3 x 3square, then there &e- n spaces in each x 3 square. Thus by swapping
draughts for spaces and spaces for draughts, Barbara could #se gedraughts

in each3 x 3square. So it is sufficient to show that it is possible to achieve 1, 2, 3
and 4 draughts, as demonstrated in the diagrams below.

[

[

The prime factorisation of 118828 x 3% x 11, and the current ages of Tor and
Tur could feasibly be any combination of these factors. Assuming Tor is younger
than Tur, their current ages could be:

Tor: 1, 2, 3, 4, 6, 9, 11, 12, 18, 22, 27, 33
Tur: 1188, 594, 396, 297, 198, 132, 108, 99, 66, 54, 44, 36

Their ages next year will be one more than their current age, so could be:

Tor: 2, 3, 4, 5, 7, 10, 12, 13, 19, 23, 28, 34
Tur: 1189, 595, 397, 298, 199, 133, 109, 100, 67, 55, 45, 37

We are looking for factors of the products of these possible pairs of ages. Now 19
and 23 are in this list, so they might be a factor. Also 21 diz8es 45 and 25

divides 100; so each of them might be a factor. Could 27 be a factor? Well the
only numbers listed above which are multiples of 3 are 3, 12 and 45. None of these
is paired with a multiple of 3. So the highest possible power of 3 in the product
would be in28 x 45— and that product is divisible by 9 but not by 27. Hence 27 is
not a possible factor of the product of their ages.

Olympiad Hamilton Paper

All candidates must be inSchool Year 1qEngland and Wales),S3(Scotland), or

School Year 1XNorthern Ireland).

. A square just fits within a circle, which itself just fits

. If Julie gave £12 to her brother Garron, then he would have half the amount that she

would have. If instead Garron gave £12 to his sister Julie, then she would have three
times the amount that he would have.

How much money do they each have?

. The diagram shows two equilateral triangles. The angles

markedx°® are equal.

Prove thak > 30. !9

. A particular four-digit numbeN is such that:

(@) the sum oN and 74 is a square; and
(b) the difference betweeN and 15 is also a square.
What is the numbeX?

within another square, as shown in the diagram.
Find the ratio of the two shaded areas.

. In how many distinct ways can a cubical die be numbered from 1 to 6 so that consecutive

numbers are on adjacent faces? Numberings that are obtained from each other by
rotation or reflection are considered indistinguishable.

. Sam wishes to place all the numbers from 1 to 10 in the

circles, one to each circle, so that each line of three circles
has the same total.

Prove that Sam's task is impossible.
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Olympiad Maclaurin Paper 19. C

All candidates must be inSchool Year 1XEngland and Wales) S4 (Scotland), o
School Year 14Northern Ireland).

1. How many positive integers leave a remainder of 31 when divided into 20117

20. B
2. | have 44 socks in my drawer, each either red or black. In the dark | randomly pick two
socks, and the probability that they do not matc%;s
How many of the 44 socks are red?
3. The diagrams show a rectangle that just fitsA A
inside right-angled triangl&BC in two
different ways. One side of the triangle has
lengtha.
Prove that the perimeter of the rectangle is
2a.
B@ a—>C B@ a—>c
4. How many solutions are there to the equakor y* = x°, wherex andy are positive 21. C
integers and is less than 20117
5. Three circles touch the same straight line
and touch each other, as shown.
Prove that the radd, b andc, wherec is
smallest, satisfy the equation
r.,1r_1
AR 22. A

6. The numbers 1 to 9 are placed in the cells ®fa 3 square grid,
one to each cell. In each of the f@ux 2 blocks of adjacent cells,
such as the one shaded, the four numbers have the sanie total

What is the maximum possible valueTtf

23

The first digit is equal to the sum of the other four digits, so the sum of the last four
digits must be less than 10. The seven sets of four distinct digits whose total is less
than 10 are: {0,1,2,3}, {0,1,2,4}, {0,1,2,5}, {0,1,2,6}, {0,1,3,4}, {0,1,3,5},

{0,2,3,4}. Once we have picked four digits, they can be arranged in 24 ways (4
choices for the first, 3 choices for the second, 2 for the third and 1 for the last gives
4 x 3 x 2 x 1= 24arrangements).

So there ar& x 24 = 168 possible numbers.

Label anglex;, x5, X3, as shown in the first diagram. Since an exterior angle of a
triangle equals the sum of the interior opposite angles,greater thar, which in
turn is greater thaxs. So we must have at least three different values for the nine
angles. The second diagram shows a triangle where we obtain precisely three
different values.

. 1 1 1 .
If xoryis less than 4, the)i? + ; > 3 and ifx andy are both greater than 6, then

1 1 1 1 1
— + — < = 4+ = = —. Sowe need at least onexofy to be 4, 5, or 6. The other

X oy 6 6 3

fraction will be equal t&l 1.1 orl 1_2 or1 1 L
M 2 %3 5715393757675

cannot be expressed as a unit fraction, the possibilities arel,y = 12;

X =12,y = 4x = 6,y = 6.

Let Ay be the area of the small cirdlp; let A, be the
area of the sect@®PQ of the circleC; and letA; be

the area of the triangl@PQ. Then the desired area is
1A — (A, - Ag). AnglePOQ is 90° (angle in a
semicircle) so by Pythagora®Q? = r2 + r2, giving r

PQ = +/2r, and so the radius of the small circle is 1 o
Wor.

C

V2r\ 2r2\  ar?
ThenA1=7t(—2 =7 )T
2 2
A2=ﬂandA3=}xrxr=rE. Q

. 1 ar?  ar?  r?
So the desired areatsx — — — + — = —,
P2 T T2 72
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13.

14.

15.

16.

17.

18.

Since one row and one column have no draughts, we need only consider the other
rows and columns. If there is more than 1 draught in the botton?2righ2

square, that would mean there were 2 there, one in each of the two columns and
rows involved. So there would be no draughts at the top of those two columns and
none at the left hand end of those two rows. So the only place where there could be
another draught is the top left hand corner. But the top row needs two draughts.
Hence there is at most one draught in the bottom 2ight2 square.

If the bottom righ x 2 square has no draughts, then there must be one at the top
of each column numbered 1, and one at the start of each row numbered 1.
Otherwise there are four possible places for one draught in the bottom right square,
each of which forces the positions of the remaining draughts. Hence there are five
possibilities shown below.

98 2 2 2 2

0 0 0 0 0

i 1 1 1 1 1
1 1 1 1 1
2011 2011 2011 2011 2011

The 111 numbers between 289 and 399 inclusive all contain at least one odd digit
(288 and 400 do not have odd digits). This occurs again every 200 numbers (from
489, from 689 and from 889). So there are 4 runs of 111 numbers with at least one
odd digit, and the gaps between are not big enough to contain a longer run (the gap
from 100 to 289 is long enough but contains numbers with no odd digits, e.g. 200).

Let the missing numbers lagb, c andd as shown. The top left 1] a
2 x 2square adds to 10 so+ b = 7. Similarly the bottom

right2 x 2 square adds to 10 so+ d = 5. Hence b|2
a+b+c+d=12 4ld

A pair of straight lines intersects at most once, but Adeline's and Carole's roads
intersect twice so one of them must be Curvy Street; similarly Adeline's and
Benjamin's roads intersect twice so one of them must also be Curvy Street.
Therefore Adeline lives on Curvy Street.

We can convert the five fractions into equivalent fractions with the same numerator
by multiplying both the numerator and the denominator of the first two by 6, the
.. BX 6x 6x 6x 6x
next two by 3 and the last by 2, giving: , , , , .
6+ 66y -6 6y+36y—36y+2
Sincex andy are greater than 1, these are all positive, so the fraction with the
smallest denominator will have the greatest value. Cl€grly 6 is the smallest,

SO has the greatest value.

y-1

By dividing the front face of the cube into 16 congruent squar

it is easily seen that the area of the stickeiiséisf the area of
the whole front. There are six faces, each with 466acn? so
the total area of the stickers% x 100 x 6 = 225 cnt. \_
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Professor Colin Maclaurin
February 1698 — June 1746

The most significant Scottish mathematician and
physicistof the eighteenttcentury,Colin Maclaurinwas
only 11 yearsold when he first attendedthe University =
of Glasgow. There he came into contact with the |~
Professor of Mathematics, Robert Simson, whose [} & |
enthusiasnandinterestin geometrywasto influencethe
young boy. After graduatingin 1713, Maclaurin | =
remainedin Glasgowfor a further yearto readdivinity | .
(atthattime intendingto enterthe PresbyteriarChurch).y( g

He then continuedto study mathematicsand divinity © =
whilst stayingwith his uncle, the minister at Kilfinnan | &5
on Loch Fyne.

Maclaurin was appointedprofessorof mathematicsat
Marischal College in the University of Aberdeenin | f
1717,aged19. At this time his maininterestwasin the ‘ﬁ . v
mathematicabndphysicalideasof Sir IsaacNewton;he

met Newtonduring a visit to Londonin 1719, the sameyearthat he waselecteda fellow of
the Royal Society. Maclaurinalso did notablework in geometry,particularly higher plane
curves, and his first published work was Geometria organica, sive descriptio linearum
curvarumuniversalis publishedin 1720. One curve still bearshis name,the Trisectrix of
Maclaurin.

After two yearsspenttravellingin Europe duringwhich hewasawardeda GrandPrizeby the

AcadémiedesSciencesn Parisfor his work on the impactof bodies,Maclaurintook up the

postof Professoiof Mathematicsat the University of Edinburghin 1725,andremainedthere
for therestof his career. In 1740he againreceiveda prize from the AcadémiedesSciences,
this time for a studyof the tides. The prize wasjointly awardedo four people,including two

other famous mathematicians, Leonhard Euler and Daniel Bernoulli.

In 1742, Maclaurin publishedthe Treatiseof fluxions in which he usesthe specialcaseof
Taylor's series now named after him and for which he is best remembered today:
f(x) = f(0) + "0, , YO, MOs, .
1 2! 3

He alsowrote a book of problemsfor studentsAneIntroductionto the Mathematicksone of
which was used as the basis for question 2 of the 2004 Hamilton Olympiad Paper:

Maritus, uxor, et filius habentannos96, ita ut anni Mariti et filii, simul
faciant annos uxoris + 15. Sed uxoris cum filii faciant mariti + 2.

Maclaurin defended mathematical education at universities because of its practical
applicationsandhis own work includedgravitation,astronomy cartographythe structureof
honeycombsand the measurementf the volumesof barrels. The field of actuarialscience
datesbackto the calculationshe helpedto supply when one of the first pensionfunds was
founded in 1743, the Scottish Ministers’ Widows' Fund.

ProfessorColin Maclaurin: chalk drawing by David, 11th Earl of Buchan;reproduceddy permissionof
the Scottish National Portrait Gallery.
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10.

11.

Solutions to the European Kangaroo Grey Paper
The calculation becomd® + 3 -4 +2 =4-2 = 2.

So that there are 8 white stripes, there must be 7 black stripes so that the crossing
starts and ends with a white stripe. This makes 15 stripes in all and the total width
of the crossing i45 x 0.5 = 7.5m.

The next time that uses the digits 0, 1, 1, 2 in some order is 21:01. This is 50
minutes later.

Since the last house on the ‘even’ side is numbered 12, there are 6 houses on the
even side. There are therefore 11 houses on the ‘odd’ side and the eleventh odd
number is 21.

The diagram is constructed from four small squares, each of which has at least one
side in common with another small square. So Ria must place the extra small
square so that it has a side in common with one of thg | [ ] [ ]
existing squares. Ria can form three new shapes with

a line of symmetry, as shown. \ [ ] |

If Felix caught 6 or more fish on day 3 then, since he caught 12 in total, he must
have caught 6 or fewer on the previous two days; but this contradicts what we are
told. So he must have caught 5 or fewer on day 3. If he caught 4 or fewer on day
3, then, since the numbers increase day by day, he would have caught fewer than
12 fishin all. So 5 is the only possibility for day 3, with 3 and 4 being the numbers
of fish caught on days 1 and 2 respectively.

The largest three-digit number whose digits sum to 8 is 800 and the smallest is 107.

The sum of these is 907.

The diagram on the right shows how the shape can be dissected
into sixteen congruent triangles. The small square has been
dissected into four triangles, each of éBea 4 = 1.5 cn?.

The difference in area between the medium and the large
square is eight of these triangles, that is 1.5 = 12 cn?.

2011x2011 1000 2011x(2011x1000) _ 2011x 2011 _
201.1x20.11 1000 (201.1x 10) x (20.11 x 100) ~ 2011 x 2011

Marie's nine pearls have a total weight of 45 grams. The total weight of pearls on
the four rings is 42 grams. Hence the weight of the remaining pearl is 3 grams.

Label the regions 1 to 5 as shown in the diagram. 4
Region 1 must be coloured yellow as it touches a red, a
green and an orange region. Then region 2 must be
coloured red as it touches an orange, a yellow and a
green region. Now region 3 must be coloured green ag
it touches an orange, a yellow and a red region. Then
region 4 must be coloured orange as it touches a
yellow, a red and a green region. Now region 5 must be

coloured yellow as it touches a green, an orange and a red region. Finally, region X
must be coloured red as it touches a green, an orange and a yellow region.

o N |0

10.

11.

12.

21

The touching faces on the two lower dice add to five, so are certainly both less than
5. And since the 1-spot is visible on the lowest die, its upper face could be 2, 3, or 4.
We can then proceed, as shown in the table, using the facts that the touching faces
add to 5, and opposite faces on a die add to 7. The only possibility for the top face of
the top die is 6.

Uppe faceof | Lowerface Upper face of | Lower face Top face of
bottom die. of middle die | middledie of top die topdie

- | CJ | [
[9 gan’t add to
[3 gan’t add to

Addto5 Addto7 Addto5 Addto 7

EI|ET

The month included four complete weeks, and three more days: Monday, Tuesday,
Wednesday, totalling 31 days — the longest possible for any month. Hence it must
have begun on a Monday, and ended on the fifth Wednesday. Then the previous
month ended on a Sunday, but only had four Sundays, so was at most four weeks
long; it must have been February since all other months are more than 28 days
long. Then the month after is April, beginning on Thursday. Having 30 days, it will
contain four complete weeks, and an extra Thursday and Friday. From the options
available, B is the only correct one.

One overtaking procedure would swap the positions of two participants, while two
would return them to their original positions. Michael and Fernando have an odd
number of overtakings, so Fernando ends ahead of Michael; Fernando and
Sebastian have an even number of overtakings so Fernando remains ahead;
Michael and Sebastian have an odd number of overtakings so Sebastian ends ahead
of Michael. They must finish in the order: Fernando, Sebastian, Michael.

9" = (A" = 3509+ "+ 9 = 3 x 3 = 3L and we must have
2n + 1 = 2011 son = 1005.

The difference between the volume of the two cubes is
(a+1°-a*=3a%+3a+1=217.

Therefore3a® + 3a — 216 = 0,ands@® + a — 72 = 0.

So(a + 9)(a — 8) = 0, givinga = 8 sincea cannot be negative.
Therefore the smaller cube has volugie= 512 cn’.

Because the slant height of the cone is the same as the T

diameter of its base, the cross-section of the cone is an ‘\
equilateral triangle, as shown. The cross-section of the

sphere is the incircle of the triangle and has radius 15 cm. ’Q

By the symmetry of the figurgPOR = 360° + 6 = 60°, }4’\
and hence, triangleORhas angle80°, 60° and30° (so it is SPR
half of an equilateral triangle). Hen@Ris twice OP and

hence is 30 cm. Sin€®@T = OR it follows thatPT is

15 + 30 = 45 cm. This is the height of the cone.

[Alternatively: You may know that the medians of a triangle intersect at one third
of their heights, s®OP = 15 cmis one third of the heighjt
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Solutions to the European Kangaroo Pink Paper

P=6+12+20=380Q0=4+9+ 16 =2andR=2+6+ 12 =20
soOR< Q < P.

Because the sum of the numbers at the ends of ear y 4
segment is always the same, the two vertices next vy, 4
to the 4 must be given the same numberysay

Then the sum of each edge on the lattige-is 4. 4
Every vertex adjacent toyawill be numbered 4;

and every vertex adjacent to a 4 will be numbered 4
y. This means there is an alternating sequence of y=1 4
4,y, 4.y, ... round the perimeter of the lattice. y
The vertex numbered 1 will be numbeseid this

sequence, sp = 1. Continuing round ta, we see

the vertex is numbered 1.

The width of a rectangle with ar860 cr? and height 24 cm i860 + 24 = 15cm.
This is the width of 5 tiles, so each tile is 3 cm wide, and since it is square, 3 cm high.
The area of such a tile $scn?.

Since the digits add up to 4, the first digit must be 1, 2, 3 or 4.

The only one starting with 4 is 4000.

Those starting with 3 are 3100, 3010 and 3001.

Those starting with 2 have either two 2s or one 2 and two 1s: they are 2200, 2020,
2002, 2110, 2101, 2011. In descending order, they are 2200, 2110, 2101, 2020,
2011, 2002.

Those starting with 1 are all smaller than 2011, so can be ignored.

So 2011 is in 9th position.

Label the horizontal line segmeP®, and the vertical § 4

line segmenRS A rotation of90° anticlockwise about

U, or90° clockwise aboutv would mapPQ ontoRS. Y

When a rotation is performed, the distance of any poi

from the centre of rotation is preserved. Hefice P 0

cannot be a centre because it is a distance of 1 unit I U
from R, but more than 1 unit fromandQ. Similarly V

is less than 2 units froRandS but more than 2 units

from Q. So onlyU andW can be centres.

The interior angles of a regular hexagon are all 120°. At any vertex of the hexagon,
there are two squares and a triangle, so the angle of the triangle at that point must
be360° — 120° - 90° — 90° = 60°. Hence the other two angles of the triangle must
add to180° — 60° = 120°. The triangles are isosceles since they have two edges of
length 1 unit, so the other two angles are equal and must be 60°. Therefore the
triangles are equilateral.

Since the component shapes are all regular, every edge is 1 unit. The perimeter is
then 12 units long.

17

12. E The average of all the marksgégs = 12. We must therefore remove two marks

13.

14.

15.

16.

17.

18.

B

that have an average of 12. The only two marks with this property are 10 and 14.

Since Barcelona only let in one goal, the result of the game they lost must be 0-1
and the result of the game they drew must be 0-0. They scored three goals in total
and hence the result of the game they won must be 3-0.

Let the square have sideem. Label each rectangle and itfy; A h
sides as shown where the units are cm. The perimetersjare: D e
A B c ¢
2(a + b) 2(a + ¢ 2(a + d) E f
D E F dcC
2(e + h) 2(f + h) 2(g + h) a = g

Thus the total of the perimeters is:
2(a+b+a+c+a+d+e+h+f+h+g+h) =

2(3@@+hy+(b+c+d)y+(e+f+0g).
Buta+h=b+c+d=e+f+g=x. Thus the perimeter B3x + X + X) = 10x.
Sox = 12 which means that the area of the papéadiscn?.

SinceDE has length 2 cm, the poiRtmust have a F K Fs
perpendicular distance of 1 cm frdk so that the area of
triangleDEF is 1 cm?. If the right angle is &b, then two
points,F; andF,, can be chosen, 1 cm directly above and D
below the poinD. Similarly, if the right angle is &, we

obtain the point§; andF,. Finally, DFE is a right angle
whenF lies on the circle whose diameteDE. SinceF

must be 1 cm above or below the IDE, it must lie directly F2 Fs Fs
above or below the midpoint 8. This gives andF; as

shown. Lali can therefore draw 6 different points.

Sincea is a positive number less than 1 dnid greater than 1, thenx b < b
anda + b < a < 1. The value of + bis always greater than 1 and is also
always greater than the valuelnfHence the largest valueds+ b.

OR

Since0 < a< 1< bthena+b<a<b<a+h Alsoaxb < b.
Hencea + b has the largest value.

To be divisible by 5, the last digit must be 0 or 5. To be divisible by 4, the last two
digits must be a multiple of 4. There are no multiples of 4 with a units digit of 5 and
henceY = 0. So the five-digit number is X80. To be divisible by 9, the sum of the
digits must be a multiple of 9. The sum of the digit¥dis+ X. The smallesk can

be is 0 and the largeXtcan be is 9. Therefore the sum of the digits is between 14
and 23. The only multiple of 9 in this range is 18 and thereferel andX + Y = 4.

By inspection, it is possible to spot the answer is shape D. We can
justify this as follows: When Lina places any of the other shapes or—
empty part of the board, the shape must cover at least one square jon th
bottom row so that Lina cannot place shape C on the board. T

D
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19.

20.

There are five ways that Lina can place shape A on the board, covering at least one
square on the bottom row, as shown below. In the first diagram, she can then place
shape E on the board. In the second and third diagrams, she can then place shape D on
the board. In the final two diagrams, she can then place shapes D or E on the board.

There is only one way that Lina can place shape B on the board,

covering at least one square on the bottom row, as shown
alongside. Lina can then place shapes D or E on the board.

B

There are four ways that Lina can place shape D on the board, covering at least one
square on the bottom row, as shown below. In the first diagram, Lina can then

place shape A on the board. In the second diagram, she can then place shape E on
the board. In the third diagram, she can then place shape A on the board. In the
fourth diagram, Lina cannot place any of the remaining shapes on the board. This is
the shape she should choose.

L

Checking shape E shows that there are five ways it can be placed on the board,
covering at least one square on the bottom row, as shown below. In the first two
diagrams, Lina can then place shape A or D on the board. In the last three
diagrams, she can then place shape D on the board.

1 e

Let the distance between Isaac and MakNbethe distance between Max and
Oscar beMO and the distance between Isaac and OscEDbEhe three statements
give:IM > 210; MO > 2IM; andMO > 2|0. Combining the first two
inequalities give$O > 2IM = IM + IM > IM + 210 > IM + 10.
However,MO, IM andlO are the three sides of a triangle so this contradicts the
triangle inequality which states that for any three poitQ, Rthat

PQ < PR + QR Hence one of the first two statements is false.

Similarly, if we combine the last two inequalities, tid® + MO > 2IM + 210
and soMO > IM + IO; once again, this is not possible. So one of the last two
statements is false. Since we know at least two statements are true, the middle
statement is false and the first and third statements are true. Hence Max is lying.

Let x be the number of times Myshko hits 5 grok the number of times he hits
each of 8 and 10.

Then5x + 8y + 10y = 99 which simplifies tdbx + 18y = 99. The multiples of 18

less than 99 are 18, 36, 54, 72 and 90. The differences between these numbers and
99 are 81, 63, 45, 27 and 9 respectively. Of these, only 45 is a multiple of 5.
Thereforey = 3andx = 9. Myshko has hit the targét+ 3 + 3 = 15times. Since

he misses 25% of the time, Myshko had 20 shots in total.

21.

22,

23.

24,

25,

A
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Let the area of the white hexagomben?, as indicated in the
diagram.

Then the black area #9 — (9 + x) = (40 — x) cn?.
The total of the grey areas(2s — x) cne.

Thus the difference between the areas of the black and gre:
regions ig40 — x) — (25 — x) = 15cn?.

SinceAB = AC, triangleABC is isosceles wit BCA = A
ZABC = 75°. So/CAB = 180° — 2 x 75° = 30°. 8
Since£/BAD = 80°, ZCAD = 80° — 30° = 50°. Now
considering triangl&CD gives ZACD = 180° — 50° — 65°

= 65°. SinceZACD = ZADC = 65°, triangleACD is
isosceles andC = AD. Now AB = AD and triangleABD

is also isosceles witH ABD = ~ADB = (180° — 80°) = 2

= 50°. Hence/BDC = 65° — 50° = 15°. B

Since the same letter stands for the same non-zero digit, the expression can be
KxNxAxRxOxO

simplified to . This expression will be smallest when

x E
the denominator is greatest and the numerator is smallest.\iacdE must be
different digits and as large as possibleMry« E = 9 x 8. To minimize the
expression, the numerator must be minimized but must also be divisiblexb¥E.
The denominator can be written 8% x 3? so the numerator must also have these
factors. Since the smallest possible value of the product of 5 different positive
integersisl x 2 x 3 x 4 x 5 = 120, the smallest possible value of our quotient
is 2. Furthermore we require two multiples of 3 which suggests that we should take
3 and 6 as two of our numbers. To keep the others as small as possible, we are led
totry 1, 2 and 4 and to take the repeated l@ter be 1. WithK, N, AandRas 2,
3, 4 and 6 in any order, we obtain the minimum value 2.

The original shape constructed from two rectangles has base
of length11 + 13 = 24. By considering the rearrangement,

the lengths 11, 13, 24 anctan be identified as shown in

the diagram. Hence= 13 + 24 = 37.

11

<—X

i

Since the two blue cells have a side in common, Mark could ¢ |g<k
alternate cells on the grid, as shown in the diagram. Mark will se

one blue cell and he has made 8 clicks. If the blue cell is in ong-of X X
the cells coloured grey in the diagram, he may need to click on x X
four more cells to ensure that both blue cells appear. Mark has | X

therefore made 12 clicks to ensure both blue cells appear.

The number of clicks can be reduced if Mark starts by clicking
alternate cells except the two corner cells, as shown in the
diagram. Mark has now made 6 clicks and, if any of these cells—[ X X
are blue, he will need at most 4 more clicks to ensure that both x X
blue cells appear. Mark has made 10 clicks. If the initial 6 clicks | ,
do not show a blue cell, Mark then clicks on the two corner cells:
One of these must be blue and he needs at most 2 more clicks to
find the second blue cell. Mark has made 10 clicks.

The largest number of clicks Mark will need to make is 10.



