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Calum and his friend cycle from A to C, passing through B.

During the trip he asks his friend how far they have cycled.

His friend replies “one third as far as it is from here to B".

Ten miles later Calum asks him how far they have to cycle to reach C.
His friend replies again “one third as far as it is from here to B".

How far from A will Calum have cycled when he reaches C?

Solution

Let the points at which Calum asked each question be P and Q.

Let the distances AP and QCbeiles andy miles respectively.

Then the distance from P to B3s miles and the point P must lie between A and B.
Similarly the distance from B to Q 8y miles.

Thus A P B Q C.

X 3x 3y y

10
Since they have cycled 10 miles between P and Q, we kno@xthatly = 10, and so

AC = 4x + 4y = 4(3x + 3y) = 4 x 10 = 13} miles.

Pat has a number of counters to place into the cells of a 3 x 3 grid

like the one shown. She may place any number of counters in each
cell or leave some of the cells empty. She then finds the number of
counters in each row and each column. Pat is trying to place counters
in such a way that these six totals are all different.

What is the smallest total number of counters that Pat can use?

Solution
Let n be the smallest number of counters that Pat can use.

We observe first thatn = the sum of the three row totals
= the sum of the three column totals
whence the sum of all six totais 2n.

The smallest possible different totals are 0, 1, 2, 3, 4 and 5, so that the least that the sum of
the sixtotalscouldbe 3+ 1+ 2 + 3+ 4 + 5 = 15

Hence2n > 15and san > 8.

Considem = 8. Itis indeed possible to find a
way for Pat to place the counters in such a way

that all six totals are all different — two possible 111 2 2
configurations are shown, with the totals, on the
right: 1]2 1 4

Therefore the smallest number of counters that 13 4

Pat can use is 8.
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Section A B3

What is the value oB® + 3 x 3 - 3?

7cm

Two rectangles measuring 6 cm x 7 cm and 8 cm x 9 cm overlap

as shown. The region shaded grey has an arga@f?. Gem

What is the area of the black region? 8cm

9cm
Paul is 32 years old. In 10 years' time, Paul's age will be the sum of the ages of his three sons.

What do the ages of each of Paul's three sons add up to at present?

1 4 7
What is the value of - - ?
2-3 5-6 8-9

The base of a pyramid hagdges. In terms af, what is the difference between the number
of edges of the pyramid and the number of its faces?

The diagram shows a grid of 16 identical equilateral triangles.

How many different rhombuses are there made up of two adjacent
small triangles?

Some rectangular sheets of paper, all the same size, are placed in a pile. The pile is then
folded in half to form a booklet. The pages are then numbered in order 1, 2, 3, 4 ... from the
first page to the last page.

On one of the sheets, the sum of the numbers on the four pages is 58.

How many sheets of paper were there at the start?

A puzzle starts with nine numbers placed in a grid, as shown.
On each move you are allowed to swap any two numbers.

The aim is to arrange for the total of the numbers in each row to be
a multiple of 3.

OJ0I0, B4

What is the smallest number of moves needed?

The diagram represents a rectangular fishing net, made from ropes
knotted together at the points shown. The net is cut several times; eac
cut severs precisely one section of rope between two adjacent knots.
What is the largest number of such cuts that can be made without
splitting the net into two separate pieces?

A10 A ‘figure of eight’ track is constructed from two circles: a large circle of X

radius 2 units and a small circle of radius 1 unit. Two cars X, Y start out
from the positions shown: X at the top of the large circular part and Y at th
bottom of the small circular part. Each car travels round the complete circu
in the directions shown by the arrows.

If Y travels twice as fast as X, how far must X travel before the cars collide? Y

When Dad gave out the pocket money, Amy received twice as much as her first brother,
three times as much as the second, four times as much as the third and five times as much
the last brother. Peter complained that he had received 30p less than Tom.

Use this information to find all the possible amounts of money that Amy could have received

Solution
As we are considering halves, thirds, quarters and fifths, we shall let Amy réBeipence.

Then her first brother receives 30x pence,
her second brother receives 20x pence,
her third brother receives 15x pence

and her last brother receives 12x pence.

We do not know which of the brothers are Peter and Tom, though Peter is younger than Ton
We can now tabulate the six possibilities:

brothers comparison value
case first second third fourth of x
A 30x 20x 30x - 20x = 30 X =
B 30x 15x 30x - 15x = 30 X =
Cc 30x 12x 30x—12x =30 X = 1%
D 20x 15x 20x-15x =30 X =6
E 20x 12x 20x — 12x =30 X = 32
F 15x 12x 15x - 12x =30 x =10

We can eliminate two of these cases: in case C, the vakue:-013 would mean that the
second brother receive) x 13 = 33} pence; in case E, the valuexo 3% would mean
that the third brother receivd® x 33 = 56% pence.

The remaining four cases mean that Amy could have received £1.20, £1.80, £3.60 or £6.00.

In a triangleABC, M lies onAC andN lies B
on AB so thatZBNC = 4x°, Z/BCN = 6x°
and«ZBMC = ZCBM = 5x°. N

Prove that triangl@BC is isosceles.

5XO

Solution
By considering the sum of the angles of triangREC, we find that

ZNBC = (180 — 6x — 4x)° = (180 — 10x)°.
Similarly, by considering the sum of the angles of triahd@&B, we find that
ZMCB = (180 - 5x - 5x)° = (180 — 10x)°.
Hence/ABC = ~NBC = (180 — 10x)° = /MCB = ZACB, and so triangléBC is isosceles.
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Every digit of a given positive integer is either a 3 or a 4 with each occurring at least once.
The integer is divisible by both 3 and 4.

What is the smallest such integer?

Solution

Let the integer ba. It is evident thah must have more than two digits, since none of 3, 4,
34 or 43 are divisible by by both 3 and 4.

In order forn to be divisible by 3, the sum of its digits must be a multiple of 3.

In order forn to be divisible by 4, its last two digits have to be a multiple of 4. Given that all
the digits can be only 3 or 4, it is clear that the last two digitscah only be 44.

If n were a three-digit number, the hundreds digit would have to be 3 (since the other digits
are both 4); however, 344 is not a multiple of 3.

If n were a four-digit number, the smallest value we can consider is 3344, but this is not a
multiple of 3. The next smallest is 3444 and this satisfies all the criteria of the problem.

A 3 x 3 grid contains nine numbers, not necessarily
integers, one in each cell. Each number is doubled to
obtain the number on its immediate right and trebled
to obtain the number immediately below it.

If the sum of the nine numbers is 13, what is the value
of the number in the central cell?

Solution

If we let the number in the top left-hand corner cell be

a, we can write the other numbers in termsa,ads a 2a 4a

shown in the diagram:

The sum of these nine number91s. 3a 6a 12a

Given that the sum is 13, we ha®ka = 13 and so

a=13+91=}. 9a 18a 36a
7

Thus the number in the central celbes= 6 x % = g

Section B

Your solutions to Section B will have a major effect on your JIMO results. Concentrate initially on
one or two questions and themite out full solutions (not just brief ‘answers’) using algebra where
appropriate.
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Every digit of a given positive integer is either a 3 or a 4 with each occurring at least once.
The integer is divisible by both 3 and 4.

What is the smallest such integer?

A 3 x 3 grid contains nine numbers, not necessarily integers, one in ead
cell. Each number is doubled to obtain the number on its immediate
right and trebled to obtain the number immediately below it.

If the sum of the nine numbers is 13, what is the value of the number in
the central cell?

When Dad gave out the pocket money, Amy received twice as much as her first brother,
three times as much as the second, four times as much as the third and five times as much :
the last brother. Peter complained that he had received 30p less than Tom.

Use this information to find all the possible amounts of money that Amy could have received

In a triangleABC, M lies onAC andN lies B
on AB so thatzBNC = 4x°, Z/BCN = 6x°
andZBMC = ZCBM = 5x°. N

Prove that triangl@BC is isosceles.

5XO
C M A

Calum and his friend cycle from A to C, passing through B.

During the trip he asks his friend how far they have cycled.

His friend replies “one third as far as it is from here to B".

Ten miles later Calum asks him how far they have to cycle to reach C.
His friend replies again “one third as far as it is from here to B".

How far from A will Calum have cycled when he reaches C?

Pat has a number of counters to place into the cells of a 3 x 3 grid
like the one shown. She may place any number of counters in each
cell or leave some of the cells empty. She then finds the number of
counters in each row and each column. Pat is trying to place counter
in such a way that these six totals are all different.

4

What is the smallest total number of counters that Pat can use?
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¥ +3x3=27+9-3=33

Since the area of tiecmx 7 cm rectangle ig92 cn?, the area of the white rectangle
is (42 — 32) cm? = 10c?. Hence the area of the black region is
(8 x 9-10) cn? = 62cn?.

In 10 years' time, Paul will be 42 and the sum of the ages of his three sons will be
3 x 10 years = 30 yearsmore than it is now. So the sum of the ages of each of his
three sons now 812 — 30) years = 12 years

1 4 7 1 4 7
S S S —(<1)= (<) (-T) = -1+ 4+7 = 10.
2.3 5.6 8.9 _1 1 -1 (D-CAH-CD=-1+4s

A pyramid whose base hagdges also hasedges rising to its apex and heoe
edges in total. It also has+ 1 faces, including the base. So the difference between the
number of edges of the pyramid and the number of its fa@es-ign + 1) = n— 1.

A rhombus formed from a pair of adjacent triangles is in one of three orientations:
VAL IEC V.

It can be seen that there are 6 rhombi in the first
orientation. By symmetry, there are 6 in each of the
other two, giving a total of 18.

[Alternatively each rhombus is determined by its short diagonal; the short diagonals
are the sides of the interior triangles, so ther8axe6 = 18.]

Let the number of pages in the bookletnbe

Then the page numbers on the outside sheet ar@ L, 2, andn and have a total of
1+2+M-1)+n=2n+ 2

In general, on a sheet whose lowest numbered page iphgenext page is + 1.

Because pagehas(p — 1) pages before it, the n-p-1)-1 p+1

highest numbered page (on the same side asgpage

has(p — 1) pages after it, and so is page- (p — 1).

The remaining page is likewise page (p—1) - 1.

The total of the four page numbers of a sheet is
therefore

p+ P+ +[n-(p-1]+[n-(p-1-1] =2n+2. n-(p-1) p

Hence2 + 2n = 58 and s = 28. Since each piece of paper used provides four
pages of the booklet, the number of sheets used is seven.

A8 2
A9 24
Al10 3r

Since we are interested only in whether or not each of the rows can have a total whick
is a multiple of 3, we can reduce each of the numbers to their remainder on division b

three. So @ @ @

(29 () LOE

Since the row totals are 4, 4 and 4, it is now clear that making one swap will not
achieve three totals each of which is a multiple of 3. However, if we swap both the 2s
in the first two rows with the 1s in the last row, we get

In order to stay connected, a network like this will have a minimum required number
of sections of rope, since if we start with just one knot, each additional knot requires a
least one additional section of rope. So the smallest possible number of sections of
rope to conneat knots isn — 1.

For this net there are 35 knots, and we will need at ag
least 34 sections of rope left to keep them all

connected and the diagram on the right shows one way
in which we can leave just 34 sections of rope.

It can be seen that the net starts itk 6 horizontal sections anfl x 4 vertical
sections, giving a total &0 + 28 = 58.

Hence we can make a maximumbsf— 34 = 24 cuts.

The only way for X and Y to collide is by Y catching up X or by both being at the
crossing point at the same moment. Since the speed of car X is half that of car Y, car
X will travel half way around the circuit in the time car Y takes to complete a full
circuit, as the diagrams below illustrate, going from left (the start) to right (the first
collision).

slejelelelole

The length of the circumference of the larger circkrisinits, and that of the smaller
circle is half as long2z units.

Therefore X will have travelle§l x 47 + 3 x 27 = 37 units.



